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Abstract. - The possibility of observing violations of temporal Bell inequalities, originally 
proposed by Leggett and Garg as a mean of testing the quantum mechanical delocalization 
of suitably chosen macroscopic bodies, is discussed by taking into account the effect of the 
measurement process. A general criterion quantifying this possibility is defined and shown not 
to be fulfilled by the various experimental configurations proposed so far to test inequalities of 
different forms. 



Introduction. - The validity of quantum mechanics at the macroscopic level is still an open 
question. Leggett and Garg have challenged this question by proposing laboratory tests 
aimed at comparing, in a macroscopic domain, the predictions of a set of theories incorporating 
realism and non-invasivity, two properties not shared by quantum mechanics, versus quantum 
mechanics itself. The test involved certain inequalities, called temporal Bell inequalities in 
analogy to the well-known spatial ones |^] . These last have been already experimentally studied 

to understand the validity of quantum mechanics against local realism at the microscopic 
level. Temporal Bell inequalities instead, involving correlation probabilities between subse- 
quent measurements of the same observable, hold in realistic theories but are violated under 
certain conditions by quantum mechanics. The general ingredients required to discuss temporal 
Bell inequalities, regardless of the concrete scheme used, are three: (a) the possibility to have 
a coherent, quantum evolution of the state; (b) a, dichotomic observable, already discrete or 
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derived by a continuous one; (c) different-time correlation probabilities between subsequent 
measurements of the dichotomic observable. Leggett and Garg originally proposed use of 
an rf-SQUID, further analyzed in Q, while more recently other configurations have been 
discussed, such as a two- level atomic system undergoing optically driven Rabi oscillations 
and Rydberg atoms interacting with a single quantized mode of a superconducting resonant 
cavity ||]. The proposal of Leggett and Garg has been criticized focusing mainly on the 
assumptions made in the macrorealistic approaches. 

In this Letter we instead consider the full quantum mechanical predictions for the various 
proposed experiments. The main point of our analysis is that, as in any quantum mechanical 
prediction, probability distributions for the outcome of subsequent measurements have to be 
evaluated and compared to the analogous quantities actually measurable in laboratory. In 
practice, we will restrict ourselves to the evaluation of average and variance of the observed 
quantities. While the average value is necessary to define the violation itself, its variance is 
crucial to establish if the corresponding experimental resolution is sufficient to assign in an 
unambiguous way the value of the dichotomic observable We will check if, under the 
experimental conditions which would lead to a contradiction between quantum and classical 
predictions for the correlation probabilities, the actual resolution can be sufficient to distinguish 
the two values of the dichotomic observable - otherwise it would be impossible to state that the 
quantum mechanical probabilities refer to well-defined observables. This feature was not taken 
into account in any of the previous papers of other authors on the subject Q, and constitutes 
the main point of our work. Indeed, we have already addressed this point elsewhere ^ 
referring to specific physical schemes; the novelty of the present contribution is represented by 
the generality of our consideration, which apply to all experimental proposals put forward so 
far. 



Quantum measurements on bistable systems. - We begin by briefly reviewing the conven- 
tional analysis of quantum measurements on a generic bistable system undergoing oscillations 
with period r between the two states |-|-) and |— ), according to the time evolution operator 
U {th, ta). The effect of a measurement of the dichotomic observable X is, as usual, represented 
through a non-unitary measuring operator 

n^==nx, nx = ii, nx\x) = SxM: (i) 

where \x) — |±) and X is one of the two eigenvalues ±|^|. Given some initial preparation 
|Xa) at time tg,, after measurements performed at times t^,, with results X\^, X^ respectively 
we get 

\xitt))x^x, = tlx,Uitb,Q\X,) ; \x{tt))x^x,x. = tix.Uit,,tMtt))x^x, ■ (2) 
The corresponding correlation probabilities are 

Ptx. = Mtt)\\kx. ; Pxlx.x. = Mtt)\\x.x.x. , (3) 
and their variances, whose square roots are called effective uncertainties, are 

{AX^^f = E - xfpt, ; {AX^if = E (^c - xfp'-xlx,, ■ (4) 

X X 

Their value is dictated by the laws of quantum mechanics, regardless of the size of the 
ensemble over which measurements are performed. From the definition Eq. it follows 
that < AXoff < 2|X| at any times. On the other hand, a resolution large enough is required 
in order to assign to the dichotomic observable a non-zero value without ambiguity. In other 
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words, one has to take as non- ambiguous only measurements for which a condition AXcff < ^ 
is satisfied, the value of the threshold effective uncertainty <^ defining the resolution criterion. A 
null value of ^ means that only infinite-resolution measurements are taken as non- ambiguous; 
when ^ = 2|X| no discrimination is made between measurements with or without a resolution 
power sufhcient to distinguish the two states |-|-) and |— ). Any of the criteria commonly used 
in resolution studies jl0| can be related to a value of the threshold between these two extremes. 
For example, the well-known half-width criterion corresponds to ^ = ^1/2 = (21n2)^^/^|A"|: 
two probabilities distribution centered at ±|A"| can be resolved if and only if their variance 
satisfies AX < ^1/2- A less stringent criterion would be for instance to require AX < |Ar|. 

Temporal Bell inequalities. - Temporal Bell inequalities are formally derived by assuming 
the existence of n-times correlation probabilities Vxi -x satisfying positive definiteness and 
completeness, as well as the non-invasive measurability at any intermediate time Under 
these conditions, for instance, 

_ac _abc , _abc ^ _abc , _abc , _abc , _abc _ab , _bc ( r\ 

P+- = P+ — + P++- < P+ — + P+-+ + P++- + P-+- = P+- + P+- (5) 

which involves measurements performed at the subsequent times tb and on a system prepared 
in state |-|-) at the initial time t^. More in general three types of inequalities, analogous to (||), 
can be derived: 

APi(tab,tbc) EE <0; 
AP„(iab,M ^ <0; (6) 

APlIl(tab, tbc) = p'^l^^x^ - - P"-X^,X^ < . 

While inequalities of type III are ruled out by the experimental requirement that the system 
is prepared in a definite state at time t^, the other two types are in principle well suitable 
for experimental test. In fact, as originally observed in Q, each one of them is violated 
for some subset of measurement times t^h = — t^, ibc = tc — th- On the other hand, 
the distinguishability criterion is fulfilled for another subset of (iabi^bc) depending upon the 
chosen threshold effective uncertainty ^. It is therefore useful to introduce an overlap integral 
expressing the average probability difference APq, (where a = I, II, III) integrated over all the 
time intervals for which both temporal Bell inequalities are violated by quantum mechanical 
predictions and distinguishability is assured by AX^s < ^: 

Oo^iO = \ I AP^dtabdtbc (7) 



where the subscript fl means that the integration is restricted to the values of (tabi^bc) for 
which APq, > and AX^f^ < ^ for all measurements in AP^. The meaning of the overlap 
integral Eq. is the following: given a threshold effective uncertainty ^, it provides a 
measure of whether the violation of a certain temporal Bell inequality is compatible with 
the discrimination between the two values of the dichotomic observable, according to the 
criterion defined by ^. From Eq. (0), it follows that C'q(^) is continuous and monotonically 
increasing with ^. Based on the considerations below Eq. (Q), we expect also Oa{S, ^ 0) = 0, 
Oa{£, 2|Ar|) = r^^ /J" d<ab /J" dibcAPa > 0. Therefore the overlap integral will be nonzero 
only for ^ large enough. We thus define 

^„ = min{e : > 0,^' > C} = max{e : 0^{0 < 0,^' < O- («) 

This has to be compared with the ^1/2 defined above, in order to find out if violation of the 
inequalities Eq. (j6|) and discrimination of the two values of X can be obtained in the same 
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experiment. As a tool for our analysis we first discuss a toy model exhibiting all the relevant 
features intrinsic to the temporal Bell inequalities, moving later to the actual Hamiltonian 
of a rf-SQUID system as proposed in Q. We do not take into account finite temperature or 
imperfect efficiency effects, irrelevant to the arguments wc plan to discuss since they can only 
diminish the chance to observe the predicted violations (see for instance the discussion in [^). 

Spin- 1/2 particle case. ~ Let us consider a spin-1/2 particle precessing in a uniform 
magnetic field. Its Hamiltonian is H — ~a ■ B with a = {(Tx,o'y,az) the Pauli matrices and 
B = {B, 0, 0). The temporal evolution of the state vector is ruled by the operator 



U{%,t^) = exp 



I 
n 



(9) 



A measurement of the third component of the spin is represented by the projector 



l + 2Scr^ 1 , , 

ns = — , ^ = ±2 • 

The correlation probabilities appearing in are then: 

pf_ = siv? nt^b ; p'^_ = sin^ n{Ub + ibc) ; P+_ = cos^ rJiab sin^ nt^^ ■ (11) 

where the angular frequency Q = B/h has been introduced, whence the oscillation period 
To- = 2Tr/n = 2'!rh/B. The effective uncertainties are then calculated according to (^). As 
already pointed out in |^ , this discussion applies to the proposals [D and |^ , dealing with the 
two-level dynamics of atomic systems. 

SQUID case. - In the rf-SQUID case instead the monitored observable is the magnetic 
flux <I> threading the ring, a continuous observable. Its sign is a dichotomic variable which 
is directly measurable in a quantum coherence experimental setup pT| |; the corresponding 
projector is 

= e($(^) , $ = ±1 . (12) 
The effective Hamiltonian describing the system is [|l^ 

H — — — - -\ cos 27r — , (13) 

where C is the weak link capacitance (which plays the role of an effective mass), L the ring 
inductance, Ic the critical current of the junction, is the external magnetic flux threading 
the ring and the flux quantum <I>o — h/2e « 2.07 • 10^^*^ Wb. A bistable regime is obtained if 
the condition 1 < 27rL/c/$o < 5tt/2 is fulfilled. In this case, by introducing the adimensional 
variable = ((jC — <i>°'^')/<i>o and by fixing the value of the external fiux at <I>°'"/*''o = in+1/2), 
n G Z the potential can be approximated - up to a constant - by the quartic double-well form 

l^(0)-y/e$o('^-0o)'('^+'/'o)', (14) 

where the two minima ±00 are the solutions of the equation sin(27r0)/0 = ^o/LIf. and are 
separated by a barrier of height AV = (7r'^/3)/c<I>o0o- Correspondingly, the ground state has 
two peaks localized around ±(t>o, each of width ctq determined by the approximate relationship 
Cwo(To/2 ~ hLUo/4 where luq is the plasma frequency, i.e. the angular frequency of the small 
oscillations around ±0o- A flux wavepacket localized at ±(j)o is a superposition of the ground 
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Fig. 1. - Overlap integral for inequalities of type I and II, as function of the effective uncer- 
tainty threshold ^ (in units of \X\), with any combinations of measurement results Xa, Xb and 
X,. 

and first excited state and has width do- If no measurement is performed, such a state will 
undergo coherent tunneling oscillations between the two wells with period = 2T:h/ AEq, 
where AEq is the splitting between the lowest two energy eigenvalues. This last decreases 
exponentially with increasing barrier height, whereas the tunneling frequency should be at 
least of the order of magnitude of 1 MHz - otherwise the coherent oscillations would be damped 
by the interaction with the environment. On the other hand, in order to treat the system as 
a two-level one [Q, the probability for finding the system in the barrier region around = 
should be negligible; in other words, it should be <^ (j)^, which in turn could be achieved 
with a high enough barrier. It is possible to choose the parameters in ( p^ ) in order to satisfy 
both these requirements: indeed, with L — 150pH, C — 0.15pF and Ic = 2.5/xA (very close to 
the values used in @) it is t^^ w 5.94 MHz and ct^/^^ « 0.08. 

Results and discussion. - In fig. 1 the overlap integral defined in Eq. (^ is plotted as 
function of ^ for all the inequalities of the form (||). The result depicted here is valid both 
for the spin toy-model and for the actual SQUID Hamiltonian (with the parameters quoted 
above), which lead to identical predictions because, as the tunneling oscillations dominate 
the dynamics, the two-level approximation is appropriate to describe the fiux correlation 
probabilities in the rf-SQUID. No dependence on the actual values of Xa, Xb and Xc is 
seen, but only on the type of inequality. The type I turns out to be more favourable for 
the observation of violations. Nevertheless, as it can be seen from the Figure, in both cases 
^Q, > 1.4|X|, which is greater than any reasonable resolution threshold. This is the main 
result of this Letter showing that, even in the most favourable situation, it is impossible to 
observe violations to temporal Bell inequalities predicted by quantum mechanics maintaining 
at the same time the resolution high enough to distinguish the two values of the dichotomic 
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observable. 

The correlation probabilities (^) are obtained by means of the standard rules of quantum 
mechanics from the corresponding interfering amplitudes. The violation of the inequality 
however may be understood by noticing that it necessarily implies that at least one of 
the three time correlation probabilities pfj'^ becomes negative, namely becomes a Wigner 
function (pseudoprobability) . This means, according to Feynman [^ , that "the assumed 
condition of preparation or verification are experimentally unattainable" as a consequence of 
the uncertainty principle which forbids the existence of joint probabilities for incompatible 
variables. For instance, in our case from (||) follows that, when — —Xy^ = —X^ — \X\ 
in (H), APi = —p'f'_^^: therefore in the region where the temporal Bell inequality is violated, 
at least one of the joint pseudoprobabilities at three different times is negative. This result 
holds in general - and is no surprise. One should remember in fact that Wigner's proof |14 of 
validity of spatial Bell inequalities is based on the assumption, analogous to that made before 
Eq. (^, of non-negative joint probabilities for the spin components along different directions. 
Their violation should be ascribed, therefore, to the uncertainty principle which prevents 
the existence of these non-negative joint probabilities. This consequence of the uncertainty 
principle is independently confirmed by a recent result | [l5|] according to which the violation 
of spatial Bell inequalities is directly connected to the appearance of negative conditional 
entropies, a feature which is classically forbidden. 

On the other hand, and this is the difference between spatial and temporal Bell inequalities, 
it is the uncertainty principle itself which introduces in our case a constraint on the ability to 
resolve the two states in a second measurement at a later time on the same particle. (Such 
a constraint does not exist when the two measurements are performed at the same time on 
two different particles located in different space points). This second constraint arises from 
the fact that, as discussed in detail in a quantum measurement of a given observable 
induces a perturbation in the evolution of its canonical conjugate, and this in turn produces 
an uncertainty on the outcome of a measurement of the same variable at a later time. This is 
crucial because, as we mentioned at the beginning of this paper, repeating measurements on 
the same observable is precisely what discriminates temporal Bell inequalities from the spatial 
version, where two different systems are observed only once. These two constraints, both 
arising from the uncertainty principle, are, as we have seen, conflicting, because the region 
in which the violations arise and the region in which the resolution is high enough to resolve 
between the two states do not overlap. 

These general considerations should affect other situations in which a macroscopic quantum 
system is repeatedly measured, for instance an atomic Bose-Einstein condensate in which the 
Josephson dynamics is studied. At the very core of quantum mechanics, the uncertainty 
principle has two competing consequences when applied to a single macroscopic system re- 
peatedly monitored, the violation of classical probability laws for predictions on a dichotomic 
observable and the limitations on the resolution of the observable itself, and it seems impossible 
to experimentally unravel these two features without conflict. 
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